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Introduction

Recall: For matroid M = (E, I), Greedy algorithm can compute the

largest independent set (base), along with the weighted version, with |E|
oracle calls.

The oracle is an algorithm that determines whether X ∈ I.

Consider two matroids from the same ground set

M1 = (E, I1),M2 = (E, I2).

Can we devise an efficient algorithm that computes a largest common

independent set for both matroid?

What about the one with largest weight?

OK, you are so cool, but why should we care?
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Introduction

OK, you are so cool, but why should we care?

This question could be very hard to answer, even for important topics.

Fortunately, this is not true for today’s topic.

We discussed a bit about the Maximum Matching problem in Lecture 2.

We will show how this is related to matroid intersection.

3



Introduction

OK, you are so cool, but why should we care?

This question could be very hard to answer, even for important topics.

Fortunately, this is not true for today’s topic.

We discussed a bit about the Maximum Matching problem in Lecture 2.

We will show how this is related to matroid intersection.

3



Maximum Matching

Given a bipartite graph G = (L,R,M), find a largest set of edges that

does not share an endpoint.

In other words, you should select a maximum size subset of edges such

that

1. For each node v ∈ L, you should select at most one edge incident

with v.

2. For each node w ∈ R, you should select at most one edge incident

with w.
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Maximum Matching

1. For each node v ∈ L, you should select at most one edge incident

with v.

Does a valid edge set forms a matroid?

Yes. They form a partition matroid.

Set of matchings in bipartite graph is a intersection of independent set in

two partition matroids.

We can compute the largest common independent set with polynomial

number of oracle calls.
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Arborescence

Connected graphs have spanning trees.

Minimum spanning tree can be solved in polynomial time by applying

matroid greedy algorithm. (Basically, this is Kruskal’s algorithm.)

Let’s consider a directed graph counterpart.

Given a directed graph and a source vertex v, find a directed tree with

minimum cost such that every edge is directed out of v.
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Arborescence

Given a directed graph and a source vertex v, find a directed tree with

minimum cost such that every edge is directed out of v.

They form a spanning tree in an undirected sense.

For each vertex except v, there is exactly one edge directed toward it.

This is sufficient.

You can find the minimum weight common base of graphic matroid and

partition matroid.
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Hamilton Path

Given a directed graph, find a path that visits all vertices.

Paths are a connected(single-component) subset of edge, where each

vertex in path have at most one outgoing and ingoing edges.

... Not really, then cycles also are.

Paths are an acyclic connected(single-component) subset of edge, where

each vertex in path have at most one outgoing and ingoing edges. This is

sufficient.
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Hamilton Path

Outgoing and ingoing edges form a partition matroid.

Acyclic edges form a graphic matroid.

Connectivity automatically follows if the path have length N − 1.

Hamilton path is an intersection of three matroids, and can be solved in

polynomial time.

Theorem (Koo, 2020). Hamiltonian path is in P, thus P = NP .
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Hamilton Path

You CANNOT find the intersection of three matroid in polynomial time.

But why? You can intersect M1,M2 and then intersect it again with M3

The intersection of two matroid is not a matroid.

Bipartite matching is intersection of two matroid, but not a matroid.
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Hamilton Path

Bad things happen if you first add (L1, R2) in your greedy algorithm.

L1

L2

R1

R2

I can’t believe it! Where is my million dollars? Surely the algorithm could

be extended!
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Matroid Intersection Theorem

Theorem. Let M1 = (E, I1),M2 = (E, I2) be matroids with rank

functions r1, r2 respectively. Then,

maxI∈I1∩I2 |I| = minX⊆E(r1(X) + r2(E −X))

Yay, min-max theorems!

Note that ≤ is easy: |I ∩X| = r1(I ∩X) ≤ r1(X), and likewise.

≥ is very hard and complicated.
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Matroid Intersection Theorem

Well but actually no, there is a proof that fits in one page.

But this is outside of our focus: We will talk about the constructive

proof that also gives an algorithm for a matroid intersection.
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Matroid Intersection Theorem

Given I ∈ I1 ∩ I2, we find J ∈ I1 ∩ I2 such that |J | = |I|+ 1 or find a

certificate X which shows it is impossible.

The certificate is the set X such that |I| = r1(X) + r2(E −X).

Consider a directed graph G with vertex set E, and the edge set as a

union of

1. A1(I) = {(z, y)|y ∈ E \ I, z ∈ I, I + {y} − {z} ∈ I(M1)}
2. A2(I) = {(y, z)|y ∈ E \ I, z ∈ I, I + {y} − {z} ∈ I(M2)}

(Basically, they model the ”exchange” or ”trade” step: When we have a

set that is independent for only one, we remove one and try to fit in the

other set: hopefully both.)
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Matroid Intersection Theorem

Let X1, X2 ⊆ V (G) be a set such that

1. X1 = {x ∈ E \ I|I + {x} ∈ I1)}
2. X2 = {x ∈ E \ I|I + {x} ∈ I2}

When X1 ∩X2 is nonempty, we are very happy.

But life is hard. Suppose not. We should try to add X1, which make

I ∈ I1 but not in I2.

Then we take the edge A2 to make I ∈ I2 but not in I1. And we take the

edge A1...

If we find a path from X1 to reach X2, then we are happy.
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Matroid Intersection Theorem

Direction 1. If there is no path from X1 → X2 in G, we can find the

counterexample X.

If one of X1, X2 is empty, then I is already a base. Thus, assume both

are nonempty.

Let X be a set that can reach X2 in G. We can easily see that

X1 ∩X = ∅, X2 ⊆ X, and there is no edge entering X. Then

1. r1(X) ≤ |I ∩X|. Suppose r1(X) > |I ∩X|, then there exists some

y ∈ X − I such that (I ∩X) + {y} ∈ I(M1). Since y ∈ X, y /∈ X1

so I + {y} /∈ I(M1). So there is some z ∈ I − (I ∩X) such that

I + {y} − {z} ∈ I(M1). This means there is edge (z, y) entering X,

contradiction.
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Matroid Intersection Theorem

1. r1(X) ≤ |I ∩X|. Suppose r1(X) > |I ∩X|, then there exists some

y ∈ X − I such that (I ∩X) + {y} ∈ I(M1). Since y ∈ X, y /∈ X1

so I + {y} /∈ I(M1). So there is some z ∈ I − (I ∩X) such that

I + {y} − {z} ∈ I(M1). This means there is edge (z, y) entering X,

contradiction.

2. r2(E −X) ≤ |I ∩ (E −X)|. Suppose r2(E −X) > |I ∩ (E −X)|,
then there exists some y ∈ (E −X)− I such that

(I ∩ (E −X)) + {y} ∈ I(M2). Since y ∈ E −X, y ∈ E −X2, So

I + {y} /∈ I(M2). So there is z ∈ I − (I ∩ (E −X)) such that

I + {y} − {z} ∈ I(M2) (note that z ∈ X). This means there is edge

(y, z) entering X, contradiction.

Honestly step 2 is just same as step 1. I just added it for completeness.
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Matroid Intersection Theorem

Direction 2. If P is a shortest X1 −X2 path in G, then I ′ = I∆V (P )

is in I1 ∩ I2.

It should be a shortest path.

Let’s skip the proof for a while, and see what is the implication.

|I∆V (P )| = |I|+ 1, so we can start from the empty set, construct the

graph, and find a shortest path to increase the size of common

independent set, until we surely can’t continue by direction 1.

We need polynomial number of oracle calls, and a simple shortest path

search. We have an algorithm!
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Matroid Intersection Theorem

Wait, but we didn’t proved Direction 2...
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Matroid Intersection Theorem

I won’t explain all these stuffs. If you are interested, check it out. (You

can google for better proofs too)
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Weighted Matroids

And yes, you can also do the similar things in weighted variant.

Weight the vertices with their respective cost: For e ∈ I, the weight is

−w(e), otherwise, the weight is w(e), and find the maximum weight path

of X1 −X2.

If there are multiple such minimize the number of edges used.

As far as I found, no introductory books and slides contain a proof for

this algorithm. So I also won’t.
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Union



Matroid Union

Unlike intersection, union does not find I ∈ I1 ∪ I2, which is trivial.

Instead, it’s more like matroid partitioning.

Let M1,M2, · · · ,Mn be a matroids in E. Let Ii be a set of independent

sets of Mi. Let I = {J1 ∪ J2 ∪ · · · Jn : Ji ∈ Ii}.

Theorem 1. M = (E, I) is a matroid.

Theorem 2. Rank function of M is

rM (X) = minY⊆X(r1(Y ) + r2(Y ) + · · ·+ rn(Y ) + |X − Y |)
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Matroid Union. Proof of Theorem 1

Due to time constraint we are not proving this. (But it’s not super hard)
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Matroid Union. Proof of Theorem 2

Assume X = E (Otherwise pick M1 \ (E −X),M2 \ (E −X) · · · ).

Copy the matroid in E1, E2, · · · , En. Let N1 = matroid of E1 ∪E2 ∪ · · ·
Such that X is indep in N1 iff X ∩ Ei is indep in Mi for all i.

Let N2 = partition matroid that X is independent iff no two copies of

same element are in X. Then, the maximum intersection is the

independent set of matroid union.
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Matroid Union. Proof of Theorem 2

By matroid intersection theorem, this value is:

minYi⊆Ei
((r1(Y1) + r2(Y2) + . . . + rn(Yn)) + | ∪ni=1 (Ei − Yi)|)

By replacing Yi into Y1 ∩ Y2 . . . ∩ Yn, we get

minY⊆E(r1(Y ) + r2(Y ) + . . . + |E − Y |).

This models Matroid Union as a instance of matroid intersection.

Even though Matroid Union is just a matroid, it’s not easy to implement

an efficient oracle. So, this gives a simpliest poly-time algorithm.
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Why

Why are any of these useful?

Disjoint spanning tree problem: Given a graph and an integer k, find k

disjoint forests with maximum sum of sizes.

This is related to:

1. Shannon’s switching game, Generic rigidity on plane.

2. Disjoint spanning trees can be efficiently solved, and they are related

to graph cuts.

Arboricity is a related parameter: It is a minimum k such that the edges

can be covered with k disjoint forests.
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Algorithms for Matroid Union

Given n matroids in same ground set, find a maximal independent set in

M1 ∪M2 ∪ · · ·Mn.

It is enough to find, given n sets X1, X2, · · · , Xn where

Xi ⊆ Ii, Xi ∩Xj = ∅, find s /∈ ∪Xi such that (∪Xi) ∪ {s} is

independent in M1 ∪M2 ∪ · · · ,Mn if it exists.

Let DMi(Xi) be a directed graph on E where

{(x, y)|x ∈ Xi, y /∈ Xi, Xi − {x}+ {y} ∈ Ii}. (Recall matroid

intersection). Let Fi = {x /∈ Xi|Xi ∪ {x} ∈ Ii}. Let X = ∪Xi, F = ∪Fi.

Lemma. Let s ∈ E −X, X ∪ {s} is independent in

M1 ∪ · · ·Mn ⇐⇒ D has a directed path from (∪Fi) to s.
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Algorithms for Matroid Union

Proof. (→) Suppose D has no path from F to s, let T be the set of

vertices having a directed path to S. F ∩ T = ∅, and no edge from

E − T leads to T .

We claim that Xi ∩ T spans T for each i. Assume t ∈ T, t /∈ Xi. Then

Xi ∪ {t} is dependent in Mi (because t /∈ Fi). Thus it includes a unique

circuit C s.t. t ∈ C.

C has no element in E − T because otherwise DMi
has an edge from

E − T to T . C ⊆ (Xi ∩ T ) ∪ {t}. Xi ∩ T spans t. ri(Xi ∩ T ) = ri(T ),∑
ri(T ) =

∑
ri(Xi ∩ T ) ≤

∑
|Xi ∩ T | = |X ∩ T |. If (X ∩ T ) ∪ {s} is

independent, then |X ∩ T |+ 1 =
∑
|Yi| =

∑
ri(Yi) ≤

∑
ri(T ).
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Algorithms for Matroid Union

(←) Let P = {v0, v1, · · · , vp} be a shortest path from F = ∪ni=1Fi to s.

We may assume v0 ∈ Fi. Let

Ni = {vj |vjvj+1 ∈ DMi(Xi)}, N ′i = {vj+1|vjvj+1 ∈ DMi(Xi)}. Let

Yi = (Xi −Ni)∪N ′i if i > 1, Yi = (Xi + {v0})−Ni −N ′i if i = 1. Then

we claim Yi is independent in M ′i .

Let Ni = {vi1 , · · · , vik}, N ′i = {vi1+1, · · · , vik+1}. For each vil+1,

(Xi − {vik}) ∪ {vil+1} is independent in Mi. Xi ∩ {vil+1} is dependent

in Mi (because P is shortest). Thus, there is a unique circuit

Cl ⊆ Xi ∪ {vil+1} in Mi. C does not contain vi1 , · · · , vi(l−1)
(because P

is shortest).

We know that Xi is independent, we can also see (Xi − {vi1}) ∪ {vi1+1}
is independent in Mi. (Xi − {vi1 , vi2}) ∪ {vi1+1, vi2+1} and so on.

29


	Introduction
	Intersection
	Union

